CHAPTER 3

INVERSION FORMULAS AND THEIR APPLICATIONS

1. DIFFERENTIAL OPERATOR ASSOCIATED WITH A FAMILY
OF POLYNOMIALS

Consider a family
Py(x), Py(x), Py(x), ...:

of polynomials in a real variable x, where P,(x) = land P,(0) = 0,n = 1.
Such a family 1s called a normal family of polynomials.

A differential operator D, associated with the polynomials P,(x), maps
each polynomial ¢(x) onto a polynomial denoted by De(x), and in
addition satisfies

P, _(x) if n#0,
() DP(x) =14 if n=0.

(2) D[Ap(x)] = 2 De(x), A = constant,
(3) Dlo(x) + ¢'(x)] = Do(x) + De'(x).

PROPERTY 1. For each normal family P, of polynomials, there exists
one and only one differential operator.

ProorF: We show that every polynomial ¢,(x) of degree n can be
expressed uniquely in the form

q}u(x) = anPn(x) + au—IPn—l(x) + -+ EGPD(I}S

where «,, o,_4, ..., %, are constants. To prove this take for «, the
coefficient of x" in ¢,(x) divided by the coefficient of x" in P, (x);
Pp-1(x) = @,(x) — o, P,(x) is then, at most, of degree n — 1, and for «, _,
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74 INVERSION FORMULAS AND THEIR APPLICATIONS

take the coefficient of x*~!in ¢,_,(x), divided by the coefficient of
x"“Vin P__,(x). Next consider

(Pn-l(x) = ';an—l(x) - G':H-IPn—i(-x}!

which determines «,_ ,, etc.
From (1), (2), and (3),

DQDH(I) = ”'g:nPn'—l{x) -+ (H - l) I:':rl—1"F..J'1-1{""":) + .-+ 0.

This proves the uniqueness of the differential operator associated with
the polynomials P,(x).

Moreover, the operator D, defined by this equality, satisfies (1), (2),
and (3).

TueorReM (Taylor). Let P,(x) be a normal family of polynomials.
If ¢ is a polynomial in x of degree n, then

De(0) D*¢(0) D"(0)

T P(x)+ > Po(x)+ - + - P,(x).

@(x) = ¢(0) +
Moreover, this series expansion of @(x) is unigue.

PrOOF: We have
@(x) = ot Po(x) + ety Py(x) + - -+ + o, Py().
Putting x = 0, this becomes
@(0) = o .
Differentiating,
De(x) = 0 + o, Po(x) + 2 oy Py(x) + « -+ + no, Py y(x).
Putting x = 0, we obtain
De(0) = oy.
Differentiating again,
D2p(x) =2 a, Po(x) + 2+ 3 az Py(x) + - -+ + n(n — D)o, Py 5(x).
Hence,

D2¢(0) = 2 ;.
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More generally, let
1 x2x3x.---xk=k!;
then |
D*p(0) = k!a.

This completes the proof.

Notice that the differential operator, associated with the normal
family P (x) = x" of polynomials, is the ordinary differential d/dx, and
the formula in the above theorem becomes the standard Taylor-
Maclaurin expansion.

BinomiaL FormuLa. Let y be a constant, and consider the poly-
nomial

@(x) = (x + )

By substituting the polynomials P,(x) = x" (P,(0) =0, n = 1) in Taylor’s
formula, ¢(x) may be expanded as a Taylor series.

The differential operator, associated with the polynomials P,, is
the ordinary differential

De(x) = do/dx.
Then

Do(x) =n(x + y)" %,
D%p(x) =n(n — D(x + y)" "%,
Dfp(x)=nn—1) - (n—k + D(x+y)" "

Taylor’s formula becomes

n H X ) H
x4+ )=y +{ |x" "+ X+ X"
| 2 n

This is the ““ binomial formula’ which may be written

(x + y)' = Z (n) xkynk

k=0 \k
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A BINOMIAL FORMULA. Let us consider Taylor’s formula relative to
the polynomials

Px)=[xl,=x(x—-Dx—-2)---(x=n+1) (P{0)=0,n2=1).
The operator A, defined by
Ap(x) = @(x + 1) — o(x),
is the differential operator associated with the polynomials P,, since
Alx], = [x + 11, — [x],
= (x + D[x1yoy = (¢ = 71+ DIx],oy = nx],_.

Using Taylor’s formula, relative to the polynomials [x],, to expand
the polynomial

@(x) =[x + yl,,
and observing that
Ao(x)=n(n—1) - (n — k + D[x + y],4,

we have

n[(n
[x+y],= > (k) [x ][ v], -« (Vandermonde’s formula)

k=1

V BINOMIAL: FORMULA. Let us consider Taylor’s formula relative to
the polynomials

Px)=[x"=x(x+Dx+2) - (x+n=1) (PO)=0,n=1).
The operator V, defined by
Vo(x) = o(x) — o(x — 1),

1s the differential operator associated with the polynomials P,, since

VIx]" = [x]" - [x - 1]
=(x4+n—- DX —(x = D[x]""! = n[x]"" 1.

Expanding the polynomial
@(x) =[x + yI",
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and observing that
Veo(x) =n(n—1) -+ (n — k + D[x + yI"%,

we obtain

TE

[x +y]"= ) ( )[x]k[y]"“" (Nérlund’s formula)

n
k=0 \j

FIRST INVERSION THEOREM. Let ¢, (x) and ,(x) be families of poly-
nomials of degree n satisfying

o) = FaM®)  (1=01,2,..m0)

= Yo (1=0,1,2,... o)
Ifay, ay, Gy ...y @y s bo, by, ...y by, are numbers satisfying
a = kif"kb“ (n=0,1,2, ..., no),
then

bﬂ= Z}Gnklﬂk (ﬂ=0,1,2,.+.,ﬂﬂ.}.
k=0

ProorF: Clearly,

0= Y kY Blon() =3 ( " cz,fﬁ;")mm(x).
k=0 m=0 0

m=0 ‘\k=

Writing o," =0, if m>n; " =0,if m>n; 6" =0,if m#n, =11f
m = n: and comparing the coefficients of ¢,(x) in the above equation,

o
'ﬁnm = z Erlkﬁi":m'
k=0

In other words, the matrices ((«;")) and ((8;")) are inverses of one
another; therefore, the vector equation

a= ((%‘i)}h
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is equivalent to

b= ((ﬂji))a-

REMARK: Let P (x) and Q,(x) be families of polynomials that van-
ish at x =0, n # 0, and let A and D be, respectively, their associated
differential operators. What we have just shown is that the matrices

((Qu{ﬂ) 0 o

loo 22 o
AQ(0) 2%0:(0)

0,0) “222 22

\

P,(0) 0 0 B\
([,0 op0 .

and

P(0) T 0
DP,(0) D?P,(0

are inverses of one another.

INVERSE BINOMIAL FORMULAS. Putting x = y + 1, and using the
binomial formula,

n (n
X=(y+1y=Y ( ){x—l)’*.
k=0 \k
Again, using the binomial formula,
n H
(x—1)'= Z(—l)"”" x¥,
k=0 k

By the first inversion theorem, if the numbers a,, 4, a,,..., by,
by, b,, ... satisfy
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" 4 b
a"_k;t] k k#

- & n—k
bﬂ= Z k (_“1) dy .

then

k=0

In particular (Formula 1 of Chapter 1, Section 10)

n(n
n’ =% ( ){k!SF“} (assuming S,° = 0).
k=0 \k
Therefore,
" !
(n!S,") = Z(—l)"‘j‘( )k*”
k=0 k
or
Iz m .
S =— Y (=" )K" (Stirling’s formula)
m! k= k
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STIRLING’S INVERSE FOrRMULAS. We recall (Chapter 1, Section 5) that

the Stirling numbers s,* of the first kind are defined by

[x], = D sa'x,
k=1
and (Chapter 1, Section 10)

xt = z S Hx],-
k=1

By the first inversion theorem, if numbers a;, a;,..., 0y, 6,5, ...

satisfy
ﬂ'" _ Z Sh‘khk ¥
k=1
then
bn = E Snkﬂk
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LAnH’s INVERSE FORMULAS. Since [ —x], is a polynomial of degree n,
it has a series expansion

[=x1, =L [x] + -+ + L,"[x],.
The L, *’s are called Lah numbers; changing x into —x,
[x], = Ly [—x]y + -+ + L[ = x],.
Then, applying the first inversion theorem,

n n
a,= Yy Lrb,<b,= kglLfak .

k=1

2. THE MOBIUS FUNCTION

We will now generalize the first inversion theorem. The following
description of the Mdbius function is due essentially to Rota [15], who
is convinced that the M&bius function is a fundamental unifying prin-
ciple of enumeration,

Let X be a set on which is defined an order relation < ; then, by

definition

X=X,
XEWPVPEX=>X=Y,
Xy ysz=x<:z

X is assumed to have a unique minimal element, denoted by 0; i.e.,
0<x (x e X)

(if X does not contain such an element, then it can always be adjoin-

ed to X).
Finally, suppose that for all x, y € X, the segment

[x, y]={ufue X,u2 x, u< y}

is finite. Such a set X, together with its order relation <, iscalled a

locally finite ordered set.
For example, X might be the set of nonnegative integers with the
order relation

x < y <> x 1s less than or equal to y,
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or X might be the set of integers =1 with the order relation
x € y <> x is a divisor of y.
[ater, we shall come across many other examples.

As usual, write x < p, if x < yand x # y; write x 2 y, if p < x. Let
X be a locally finite ordered set. Let A be the set of all real-valued func-
tions f(x.y) of two variables, defined for x and y ranging over X,
such that

fx,»#0 if x=y,
flx,)=0 if x££y
A product * is defined on A by
frax, )= 2 [flx wgu, ).
XENDY

The summation is over all & in the finite segment [x, y].
The set A4, together with the product *, is called the group of arith-
metic functions. We now prove that it is, indeed, a " group.”

PrROPOSITION 1. The product % Is associative, 1.e.,
(feg)xh=/fx(g=h).
Proor: By definition

[(fxg)=hl(x.2)= > hiy,z) ) flx,wg(u,y)

J:‘
XZTypsz X2y

— f{x, wyg(u, vh(y, z

Ly

i
XEusys:z

[f*(g = h)](x, ).

PrOPOSITION 2. The Kronecker function

(5. 7) (1 i x=y,
X, V)=
o(x. ] lU i x oty

is the identity element for *.
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PrROOF: By definition
[f*3](x, ») =} f(x,u)d(u, y) = f(x, p).

XEuUSy

PROPOSITION 3. For each fe A, there exists a left-inverse f~lted
(that is, f~'f = 8); for a given x, f~'(x, y) is defined by induction on y
as follows:

1
(1) ify=x: f_l(xr}’}=m;

2 [T wf(u, ).

2) ify>x: fix p)= f( .

PROOF: From (1),

L7 f(x, x)=f"x, x)f(x, x) = L.
If x <y, from (2),

fohefCon =Y T u)fu, p) + 7 0, y) =0

xEu<y

Therefore, f ™! % f= 6

Now if each element « of a monoid has a left inverse o™, then !

15 also the right inverse of «, since

H=f==f"Yf=flanT o = flada T = ff =,

Therefore, Propositions 1, 2, and 3 prove that A4 is a group.
Furthermore, 4 1s a ring (see Smith [18]; Carlitz [1]) possessing
many remarkable properties.
The most important of these properties that concern us here is the
following:

f:g#g:p-g:f*g_l_
That 1s, to every function a(x, y) satisfying o(x, x) # 0, a(x, y) =0 if
X # y; there corresponds a function f(x, y) with the same properties,
and such that

fO,x)="3 a(u, x)g(0, u)

D=u=sx
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implies

g(0,x)= %, P(u, x)f(0, u).

O=5usx

X being a locally finite set, the function

1 if x<y,
&(x, y) = =7
0 otherwise,

is called the Riemann function.
The Mdbius function u 1s defined inductively (for all y = x) by

p(x, x) =1,
u(x, y) = — 3 plx, 1)

ISi<y

The functions & and u are inverses of each other and, therefore, the
following is a consequence of the first inversion theorem.

THeOREM (Mobius inversion [8]). Let X be a locally finite ordered
set and let f(x), g(x) be functions defined on X, with

fe= ) g) (xeX).

D=usx

Then

gx)= Y uu,xf) (xeX).

O=usx
ExXAMPLE 1. Let X be the set of positive integers with the order
relation < defined by & < n if “k 1s less than or equal to »n.”

Let us invert

fi = 3. g(h)

k k+1 k42

e = & = & s IF——a—y

(+1) (=1) (0) (Q) (0}
FiG. 1
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For all n = k, the Mdbius function is defined by
1 if n=k
pulk, my = —1 il n=k+1
0 if - n=k+2,k+3....
Therefore,

g(n) =f(n) — f(n = 1).

ExampLE 2. Let X be the set of positive integers, with the order
relation < defined by

y<x if ydividesx  (y/x).

Let us find the inverse of

f(n) =) g(d).

d/n

The graph of Fig. 2 illustrates the method of finding the M&bius func-
tion u(d, n).

ad atd a’d
(O} (0)
a~bhd
(0)
abd a’bd
»> —
(=1} (+1) (Q)
Fic. 2

It follows immediately that
(1 if n=d,
p(d,n)y = (=% if n=pp, - pd,

.0 otherwise,

where the p,’s are distinct prime numbers # 1. Therefore,

g(n) =Y u(d, n)f(d).

d/n
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This function u(d, n)—usually written as u(d/n)—Is the classical
function first derived by Mobius in 1832 in order to study the distri-
bution of the prime numbers.

ExaMPLE 3. Let A be a finite set. Let us find the inverse of

f(A) =Y g(8).

S=A4

In this example, X is the lattice of subsets of A4, with the order rela-
tion < (inclusion).

{ayu S {ab}u 8§

A={abc}uS
(~1)

(=1) (+1)

FiG. 3

Clearly,
u(s, Ay = (= nH4=1,
whence,

g(4) = 3 (=)= BIf(s).

ScA
ExAMPLE 4. Let 4 be a set, and let
A= (A, 4y, ..., Ay
be a partition of A4; then, by definition,
A; # 3,
i#*j=A;nA; =,
U A4, = 4. !
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Write # < & (% 1s a “subpartition ™ of =) if
B;nA; # &
B,e# ) == B, < A;.
A, e of

abed = A
(—6)

alb/c/d o
(+1)

cdfa/b bed/a
(—1) (+2)

Fia. 4

If o7 is a partition of A into p classes 4, A,,..., A,,and if # is a
subpartition of .«Z, such that each A; contains n; classes of %, then

W(AB, o) = (=1)PTmrmt ey — 1)lny = Do (n, — 1L,

This formula was first derived by Schiitzenberger [16] and, with a
view to different applications, has since been reformulated by Frucht [23]
and Rota [15].

APPLICATION: The circular word problem (Moreau [11]). An alpha-
bet 1s a set of m distinct symbols a,, a,, ..., a, called letters; a word of
length n 1s a mapping ¢ of X = {1, 2, ..., n} into

o
A={a,a,,....a,}
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Two words ¢ and ¢’ are said to be equivalent, or the same ™ circular
word,” 1f

@©'(i) = (i + p)mod n) (i=1,2,...,n).

Let us now try to count the number of circular words of # letters.

p is said to be a period of a word ¢ if (i + p) = ¢(i) (mod n) for
each i: the primitive period of ¢ is defined to be the smallest period
p (1 < p < n). For example, the primitive period of abcabcabe 1s p = 3.

Obviously, a period p must be a divisor of n. Let M(p) be the number
of circular words of primitive period p. Then, since to each such word
there corresponds p different words, the total number of words is

m" = z{ pM(p).
PR
Inverting this formula, using the Mobius function u(d, n) of Ex-
ample 2,
(=% if n=p py...pd,
u(d, n) = [ R

0 otherwise,

where the p,’s are distinct prime numbers # 1, we obtain

pM(p) = Y ulq, pym®.

are

Therefore, the total number of circular words of length n 1s*

Y M(p)= ¥~ ¥ g, pint.

pin pin P alp
+ The problem in information theory of the *‘comma-free ™ diction-
aries is a generalization of this well-known problem. A comma-free
dictionary is a set of words, each of n letters, satisfying the property that,
for any two words of the dictionary, no integer k (1 <k < n) exists
such that the last n — k letters of the first word, followed by the first &
letters of the second word, form a word in the dictionary. The problem
is to find a comma-free dictionary with the maximum number of words.

There are several theorems that facilitate the calculation of the

Mabius function in special cases, such as:

* Polya's theorem, which is proved directly in Chapter 5, can be proved by an
extension of this same formula; see Rota, * Enumeration under Group Action,”
which appeared in the Journal of Combinatorial Theory, 1969.
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THEOREM (P. Hall), Let the ordered set (X, <) be a semilattice—
that is, there exists for all a, b € X a least upper bound ¢ (called the union
of a and b and denoted by a v b) such that

c=a,b,
xza b=x=c
If x > y, and x is not the union of immediate predecessors of v, then
u(y, x) = 0.
PrROOF: Assume that x is not the union of immediate predecessors of
y, that is, of elements of the set
{zlze X,z = y, there exists no ¢ such that z >t > y}.

Let @,.a,. ..., a, be the immediate predecessors of y, which are
<x,andletb=a,va,v - - va,then

y<b<x (since a, @’ < x implies a v @ < x),
b # x (otherwise, x would be the union of predecessors of a),
b+#y (since the graph contains no circuits).

Now assume that the theorem is true for u(y, z) with z < x, then it is
true for u(y, x), since

—u(y,x)= > wy,z)= > p(y,z)+wy, b)+0=0. Q.E.D.

zely, x) yEz<b

(This result may be verified in the above examples.)

3. SIEVE FORMULAS

Let X be a finite set on which is defined, for all x € X, a function
m(x) = 0 called the measure (or the weight) of x. If 4 = X, write

m(d)= > m(x) if A#J,

xe d

m(ZF) =0 if A= (7,

m(A) is called the measure of the set A,
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For example, if m(x) =1 for all xe 4, then m(A) = |A| 1s the
cardinality of the set A; if m(x) is a probability distribution and A 1s the
set of events having a certain property, then m(A) is the probability of
such an event.

FORMULA 1. If A, B< X and A denotes the complement X — A,
then

m(A) = m(X) — m(A)

m(A v B) =m(A n B)

m(A n B) =m(A v B)

The proof is immediate.

FORMULA 2. Let A, (i€ {1,2,...,q} = Q) be subsets of X, and let

n_i(K)=m(UAi-) if K # , = () if K=,

e K

m(K}=m(ﬂA‘-) if K#@, 0 if K= .

ie K

Then

Q) = ¥ (=¥ im(K)
K=q

Proor: If g = 2, then obviously
m(A;, w A)=m(A,) +m(Ay) —m(A; N A,).

Now, proceed by induction on ¢ = |Q]; assume the theorem is true
for all sets of g — 1 subsets A4,, A,,..., A,_, then, for g subsets
AI:AZ$ ey A ,

o

mA, vA;, U uA VA
=m(A, U A, )+ m(d) — m{(A, v vAd,_)NnA)

=m(A; v uA, )+ m(Ad) — m(U A; ﬁAq)

=y
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= ZW(A:)'— E m(A; N A4;)

i<q i<j<g

+ ), mA,NANA) -
i<j<k<g

+m(4,) — Y m(A4;n A,

i<g

+ > mA;nA;nA)— -
i<j<gq

1sq i< j=gqg

-+ z ”'I(AiﬁAjﬁAk)—‘*+',
iI<j<k=g

which completes the induction.

FORMULA 3. Let A;(ie{l,2,...,q} = Q) be subsets of X. Then

m(Q) = ol D K)

= ¥To

Proor: The Mobius function required here (see Example 3) is
given by
H(L, Iy =(= 1= 10

Using the M&bius inversion theorem, Formula 2 becomes
(=D Im(@) = ¥ (=)~ 1%m(K).
Kc(Q

Hence,

m(Q)=K§Q(—1}'K'”ﬁ(K)= 2m(A)— Y m(A4, AN+

isg i<jZg

Formula 3 can also be obtained from Formula 2 by taking comple-
ments.

SYLVESTER'S FORMULA. Let 4;, 4,,..., A, < X. Let m(K) = m(K),
K # &, and m(J) = m(X); the measure of the set of elements of X
that do not belong to any of the sets A, is

0= Y (=1} ¥ m(K)
k=10 K=
Kl =k
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PrOOF: Sylvester’s formula can be deduced immediately from
Formula 2, since

o) o)
@) - Z — DK 1K),

SIEVE FORMULA. Let Ay, A,, ..., A, < X the measure of the set of
elements of X that belong to exactly p of the sets A, is

HE

PrOOF: Let P = Q be an arbitrary subset of p elements. Replacing
X by ()iep A;, and 4; by 4; 0 (Niep A;, in Sylvester’s formula gives

m(iDPA,- HJEQ_PEJ) ”‘(fo) - & m(.ﬂ:Ai) *
K| =p+1

Y. (= DFPim(K).

K=P

Hence,

| P ie P je@Q—-P
- ufé Y (- DX~ Fim(K)
SPADCERE
|K ?Qp |P|=p

I
1
|
k
e
I3
Z
I
-
"

Notice that Sylvester’s formula is a special case (p = 0) of the sieve
formula.
The sieve formulas lead to a very general method of enumeration
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(named the sieve method after the *‘Sieve of Eratosthenes.” which
provides a construction for recursively cataloging the prime numbers).
To enumerate the elements that do not belong to any of the sets
Ay, Ay, ...y Ay, start with the set X and eliminate those elements
belonging to A,, then those belonging to A4,, and so on until
Ay n Ay 0o A s obtained.

APPLICATION 1 “Probléme des Rencontres™ (Montmort [24]). Let

1 2 v n
[P =
ﬂl ﬂz e -EI"
be a permutation, i.e., a bijection from {1, 2, ..., n} into itself. ¢ is said

to admit a coincidence (or a *“‘rencontre”) at i, if @(i) = i.
For example, the permutation

1 2 3 4 5 6 7
.['.{}:
21 3 7 5 6 4

admits coincidences at 3, 5, and 6.

The problem is to obtain the number of permutations of order #
which admit exactly p coincidences.

Let P(n) be the number of permutations admitting no coincidences,
and let A4; be the set of (n — 1)! permutations that admit a coincidence
at 1.

From Sylvester’s formula

Py=|A,nA;n-nA|l=m(@)— > mK)+ m(K) — -,
= K=1= IKT=27
where, if |[K| =k,
m(K) = (-]A,-‘=(ﬂ—f~:}!.
T ie K
Therefore,
n n n
P(n) =n!— (=D (=D =)+ +(=1D" |
1 k i,
1.€.,
] (—1)F 1
—_ ! — - — 1V —
F(n)—n.[l ”+2!+ + 0 + +(—=1) HJ
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Obviously, the number of permutations admitting exactly p coincidences
is

Fl

Pi(n) = ( )F(n — ph

p

Thus. the problem reduces to a calculation of the P(#n)’s, which can be
computed easily, using the following formulas:

P(1)=0
Pn)=nPn—1)+(—-1),

from which we obtain

Prn) | p=0 | p=1 | p=2 | p=3
n=1 0 1
n=2 I 0 1
=3 2 3 0 |
=4 Y 8 6 0
n=>5 44 45 20 10

| I

APPLICATION 2 ‘' Probleme des Ménages™ (Touchard [20]). The
“probléme des ménages’ asks for the number of ways 7T(n) of seating
n husbands (labeled 1, 2, ..., n) and their respective wives (labeled 1,

2,. ., n)ata circular tabie in such a way that each man has a woman

seatﬂd on either side of him, neither being his wife. Such a seating
arrangement can be described by a bijection ¢: Seat man 1; seat to his
right woman ¢(1); seat to her right man 2; seat to his right woman ¢(2);
etc. Let 4,,_, (ie {1,2,.... - #n}) be the set of bijections ¢ with (i) = i.
If i# n, let A,; be the set of bijections ¢ with @(i) =74 | (for
i=n, A,, denotes the set of bijections ¢ with @(n) = 1). From Syl-
vester’s formula, the solution to the * probleme des ménages™ 1s

NAl= Y (-)*m(K),

T =] A=
i 60 KcpQ

where Q = {1,2, ..., 2n}.
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If K| =k

m(K)=|{) A|=(n-k)! if K does not contain two consecutive
o ek integers from the sequence (1, 2, ...,
2n, 1),

=0 otherwise.

From Chapter 1 (Section 8, Fibonacci numbers), however, the
number of sets K of cardinality k, not containing two consecutive 1n-
tegers from the sequence (1, 2,...,2n, 1) 18

ol 2n— Kk
2n—k\ | |

f*(2n, k)=

2n —2 L
+ 2 ( 5 ){H—E)!—%'”—l—(—l}“f()ﬂl.

n

Similarly, from the sieve formula, the number of ways of seating n
husbands and their wives alternately around a circular table, in such a
way that exactly p husbands sit next to their own wives, is

) 2n k—p k n 2n—k o
=5 o) 2 P -

APPLICATION 3 Counting prime numbers (Euler). The problem here
is to calculate the number ¢(n) of integers less than or equal to n (n > 0)
which are coprime to n.

Decomposing n into its prime factors suppose

fr | x e
n=pi'py Py

where py, p2, ..., P, are distinct primes not equal to I.
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Let A4, be the set of integers <n which are multiples of p; ; then

)
|A:| — T
Pi

A Al =——, i#]), etc,

LV

Take X to be the set of positive integers <# and m(A) equal to the
cardinality of A; then, from Sylvester’s formula,

[!g(r?,]:ixi_Z1ArI+Z1A!ﬁAJF—'Z|A: f"bAjﬁAk|-1'_-—

M

n n
= N — _— == — 4 e
;Pi i;j PP :'*:;Ztﬂk PiPj Py
Finally,
I 1 I , .
pn)=n{l ——|)1 —— - |1 — —) (Euler’s function)
Pyl P2 Pq

4. DISTRIBUTIONS

Let X be a set of n objects, some being indistinguishable from others;
two objects x and vy are said to be in the same class (or of the same kind)
if they are indistinguishable; if the classes determine a partition of X
of type 1%12*2 ... »*», then X is said to be a collection of objects of type
141242 ... phn,

The objects are to be put into boxes g, a5, ..., 4, which, some of
them being indistinguishable from others, form a collection of type
THI2H2 s mttm,

A distribution is a mapping ¢ of X into A; two distributions are said
to be equivalent if they are indistinguishable, i.e., if one can be obtained
from the other by a permutation of objects of the same kind, or of
boxes of the same kind; the classes of this equivalence relation are
called schemata.

Let

Rr(lilziz - nin; 1HI2M2 oo i),
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be the number of schemata relative to the distributions of a collec-

tion of objects of type 1*12*2 ... ™ Into a collection of boxes of type
(B2 L., e

Let
R(]Alz’” . ”J'.,,; (#1242 ., HI‘“"‘]

be the number of these schemata in which no box is left empty.
Then it is clear that, if m, m, --- m, denotes a partition of the integer
m into parts my, My, ..., M, !

RI(1712% o s mymy - m) = Y R(I#2%2 ™ kky oo k).
k1 -u":..ﬂl]
Fr:._v:%:.m;_

Moreover, if u(k k, -+ k,, mym, -+ m,) denotes the Mobius func-
tion (Chapter 3, Section 2) on the lattice of p-tuples (Chapter 1, Section
9), then

R(1%2% ++ n'mymym, -+ - m))

= Y plkiky e ky,,mmyomy) X R'(1#2%2 -« p*ns ke kg o0 k).
ki Emy
k:a M3

P
AR

0
QO
In Chapter 5, a general method for calculating R and R" will be
given; however, in a great many cases, these numbers can be calculated
directly, using very simple formulas,
PROPOSITION |
R(1"; m)=38," (Stirling number),
R m)=8'+8°+---+85"

PROOF: R(1": m) is the number of partitions of a set of » distinct
objects into m classes.

PROPOSITION 2

R(1": 1™) = m!S,™
R(1"1™) = m".
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Proor: R(1%:1™) is the number of surjections of X into A4, and
R'(1"; 1™) 1s the total number of mappings of X into A.

PROPOSITION 3

Rin:m)=P," (the number of partitions of n into m parts).

Rn:m)=P,) +P>+ .. +P"
Proor: The proofl is obvious.

PROPOSITION 4

n— 1
R{n:1™) = ( ),
m — 1

n+ nm—1
R'in; 1) = +

H

PrROOF: R'(n; 1™) is the number of solutions wg, iy, ..., u, of
Uy + Uy + -+ + 1, =n, where the w;’s are nonnegative integers. Hence
(Chapter 1, Scction 7)

R,{-”; ]m) _ 1:” + ]]mml _ (H -+ m — I)'
(m — 1)! .

R(n; 1™) is the number of solutions wy, uy, ..., 1, of u; + uy + -
+ u,, = n, where the w;’s are integers greater than 0. Two solutions
(up, iy, . oouy,) and (' uy', ..., w,') are considered equal if and only
if u; =1 for each i:if 5, = tt; + uy + -+ + u,, each solution is com-
pletely determined by the numbers s, 5,, ..., 5,,_,, satisfying

15531 "'"::SE {'*'{ﬁ”r“lh{;ff_ ]._,

and conversely.
The first formula is an obvious consequence of this remark.

THEOREM

o . m m\ K\ [k + 1% k4+n— 1\
R(l.ﬂ_.zu.., ﬂﬂ”: lm}= Z{_l}m—-ﬁ: ) .
k=0 k] 2 n
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: ; m\* (m + 1\*2 m+n— 1%
Rr(lﬁ:zlﬂz ﬁ.-'.ﬂ; lm)_: o |
| 2 .

ProOOF: Assume that some of the boxes may be left empty. First
distribute the n; objects of the first kind, then the n, objects of the
second kind, etc., giving as the number of possibilities

R'(nyny =5 1™ = R'(ny3 I™R(ny; 1) -+,

ﬂ1+m—-1) n, +m— 1
- iy Ny

This proves the second formula.

We now prove the first formula. Let R, or R(K) denote the number
of distributions into a subset K (|K| = k) of the set 4 of boxes such that
no box is left empty, then

R, = ¥ R(K)= xij (T)Rk.

KA

Therefore, by the inverse binomial formula (Chapter 3, Section 1),

m m
Rm = Z (‘ l)m_k Rk::
k=0 k
whence the first formula.

APPLICATION: The number of perfect partitions of an integer s.
Consider a box of weights containing

t, weights of one kilogram,
1, weights of two kilograms, etc.,

where t, +t, + -+ = 3.

The partition 17122 ... s' is said to be perfect, if the box of weights
will weigh any object of integral weight from 1 to s kilograms in one
and only one way.

The problem is to find the number of perfect partitions of the
integer § containing exactly m types of weights.
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RESULT. Let the prime decomposition of s + 1 be given by
Ay A2 27 A 3
s+ 1= Hpi'(ﬂﬂf) (l_[pﬁ)
=0{ i=0

i=0
where for each k, py* = 1, and where for each i # 0, the p* are distinct
prime numbers different from 1.
The number of perfect partitions of s, which consist of exactly m types
of weights, is equal to R(1%:2%2 «.. n*»; 1™).

1

PROOF: Suppose

f

s+ 1=p'ps" - pys

where the p;’s are prime numbers (not necessarily distinct) not equal
to 1.

Consider a perfect partition of 5 consisting of exactly m types of
weights. At least one of the parts of this partition must be equal to 1 ; if
the number of 1's in this partition is ¢; — 1, then the succeeding part of
the partition must be equal to a4, ; if the number of parts equal to a, is
a, — 1, then the succeeding part of the partition must be equal to a,a,,
and suppose there are a; — 1 of them; etc.

Therefore,

s=a, —1+(a, — 1)a, +(a; — Daya, + (a, — DNaya,a; + -
+(a, — DNaya, -+ a,_,,
Le,,’
5+ 1 = dydy ++r 4, :'FIIFEI ! ”Fnj'

Such a sequence (ay,a,,..,a,) completely determines a perfect
partition of s consisting of exactly m types of weights; as the p”’s are
prime numbers not equal to 1, the number of such sequences is

R(1#12*2 - p*: 1™, Q.E.D.

5. COUNTING TREES

We recall some standard graph-theoretic definitions: a graph is
defined by a set X of vertices and a set of arcs, or pairs (x, ¥) of vertices
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an edge is a set {x, y} of two vertices joined by an arc. Let U denote the
set of arcs.

A path is a sequence of arcs such that the terminal vertex of each arc
is the initial vertex of the succeeding arc; a path that starts and finishes
at the same vertex 1s a circuit. Vertices @ and b belong to the same
strongly connected component if there exists a path from «a to b, and a
path from b to a. A chain is a sequence of distinct edges, each edge
having one vertex in common with the preceding edge, and the other
vertex in common with the succeeding edge.

A cycle is a chain that begins and ends at the same vertex. Vertices «
and b belong to the same conrnected component if there exists a chain
from a to b.

A partial graph of (X, U) is a graph (X, V) with V < U; a subgraph
of (X, U)isa graph (S, V) with S < X, and V the subset of U, consisting
of all the edges that join two elements of S. We recall [22] that, if G is a
graph with n vertices, m arcs, and p connected components, then the
number of independent cycles is

K(G)=m—n+ p.

For a proof of this see, for instance, Berge [22].
A tree is a connected graph containing no cycles; alternatively:

THEOREM 1. Let H = (X, U) be a graph of order |X| =n = 2; the
following properties are equivalent and each characterizes a tree:

(1) H is connected and contains no cycles;

(2) H contains no cycles and has exactly n — 1 edges;

(3) H is connected and has exactly n — 1 edges;

(4) G contains no cycle and if an edge is adjoined to H one and only
one cycle is created;

(3) H is connected and if any edge is deleted from H, then H becomes

disconnected;

(6) every pair of vertices of H is connected by one and only one
chain,

PROOF:

(1) = (2) since, if p is the number of connected components, and m
the number of edges,
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p=1, K(Hy=m—n+p=0.

Therefore, m=n—p=n—1.
(2) = (3) since k(H) =0, and m = n — | imply

p=k(H)—m+n=1,

and H 1s connected.
(3)=(4)since p=1,and m =n — 1 imply

kHy=m—-—n+p=0.

Therefore, H contains no cycles; moreover, adding one edge to H
increases k(H) by 1, i.e., there exists in the new graph, one and only one
cycle.

(4) = (5) since, if H was not connected, there must exist two vertices
a and b that are not connected, and, therefore, a new cycle could not
possibly be created by adjoining the edge {a, b}, therefore, p =1,
k(H) = 0, which imply m = n —1. On the other hand, deleting an edge

m =n -2, kK(H" =0,
and
p=kH)—m +n =2,

i.e., H' is disconnected.

(5) = (6). For any two vertices ¢ and b, there exists a chain from a
to b (H is connected). If there existed a second chain from @ to b, then
the deletion of any edge that belonged only to the second chain would
not disconnect the graph.

(6) = (1) for if H contains a cycle, at least one pair of vertices must
be connected by two distinct chains.

COROLLARY. A graph G = (X, U) possesses a partial subgraph which
is a tree, if and only if, it is connected.

Proof: If G is not connected, no partial graph of ¢ 1s connected,
and, therefore, G possesses no partial trees.

If G is connected, suppose there exists an edge, whose deletion
does not disconnect G. If no such edge exists then G is a tree, by (5); if
such an edge exists, delete it. Now repeat this process, deleting if
possible, another edge that does not disconnect G, etc.
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Eventually, it will not be possible to delete any more edges without
disconnecting the graph, and, hence, we shall have a tree whose set of
vertices 1s X.

This corollary gives a simple algorithm for constructing a partial
tree H of a connected graph G.

Given a graph (X, U) the degree of a vertex a € X is, by definition,
the number d(a) of edges which have a as end vertex. A vertex x, with
d(x) = 1, 1s called pendant.

THEOREM 2 (Moon [9]). Let T(n; d,, d,, ..., d,) be the number of
trees with vertices Xy, X-,..., X, and degrees d(x,) =d,, d(x,)=
dy,...,d(x,) =d,; then

n—2

T(n;d;,dy,...,d,) = :
(5 41, 2 (a‘l—l,d;—l,...,d”—l

PROOF:

(1) Clearly, from the definitions, the sum of the degrees of any
graph is twice the number of edges. Therefore, by Theorem 1, for a
tree, the sum of the degrees is 2(n —1). Hence, T # 0 only if

Ii{di_1)=2(”—l)—ﬂ‘=ﬂ=2.

We may suppose that d, =d, = --- = d,, and otherwise relabel;
since the above equality implies that d, =1, x, is a “ pendant™ vertex
of the tree.

(2) In order to prove that

T(n;d,,dy,....d)= > T(n—1;d,,dy,....,di—=1,....d,-y),

i
di=2

make a list ¥; of the trees with vertices x,, x,, ..., x, and degrees
d(x,) = d,, such that the pendant vertex x, is joined to x;. If d; = 2,

Gl =T —1:dy,dyyooydi—1,...,d,_)).

Since the list of the required trees is the union of these lists €
(d; = 2), the equality (2) follows.
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(3) The theorem 1is ftrivially true for »n = 3; therefore, assume
n = 3, and suppose the theorem is true for n — 1; then

Tn;dy,dy,...,d,)= Z T(h—1;d,dy,....d;—1,...,d,_y)

i
di=2

Z( n—3 )
s di—1,d,—1,...,d;—2,...,d,-; —1
n—2 )

_Lh—hdy—h_”drl—l
n—2 ‘
= (since d, = 1)
dl_l,dz_l,-+.,dn_‘]

(by Consequence 1 of Section 9, Chapter 1).

CoROLLARY 1 (Menon [7]). The numbers d, d,, ..., d, =1 are
degrees of a tree, if and only if

S d,=2n — 1).
i=1

Proor: This condition is equivalent to T(n;d,,d,,...,d,) #0.

COROLLARY 2 (Cayley’s formula [2]). The number of trees with ver-
HCES Xqy Xoy vnny X, Is 12

Proor: By Theorem 2 and Corollary 1, the number of trees with
VETtiCeSs X, Xa, -« Xy 18

dl,...,E:!nEI di—1,d,—1,...,d,— 1)

di+dyt-tdy=2(n=1)
which, from Section 9, Chapter 1, equals

(l"l"l +_“_|_l)n—3=”u—2'

CoroLLARY 3 (Clarke [3]). The number of trees with vertices xi,
Xgyenes Xy and d(x,) = Kk1s
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(” _2)( l}n—k—l
P n .

PrOOF: The required number is

5 ( n—2
dzy 3, .0y dy k — _I_, d; - _I_, d:.-, - 1, ...,dﬂ._ 1
(n —2)!

5 n—k-—1
_(kul)T(”_k_l}le di, ..., danz1 dz—'lgdg,_l:***!dﬂ_l

(11—2)( )nkl
= n—1y"""
k—1

(on putting the variables equal to one in the multinomial formula).

COROLLARY 4 (Moon [9]). Let
H, = (Xu Ul)s H, = (Xza U:-:): feey Hp = {Xp? UF}

be disjoint trees of orders | X;| = n; ; the number of trees of order n, having
the union of the X;'s as their set of vertices and containing the H/'s as
subgraphs, is

— =2
T{HI’HE,".}Hpj_nlﬂl..‘”ﬁ”p #

PrOOF: For the time being assume that each set X, is ““ contracted ”’
to a unique vertex X, ; the number of trees H with vertices X,, X, , ... s Xp

and d(X;) = d, is, by Theorem 2,

dy—1,dy—1,....¢,— 1]

Clearly, each of these trees H corresponds to (ng)"'(ny)* .- (n,)'
trees H containing the H;'s as subgraphs. Therefore,

I'(H,,H,,..., H))

-2
S ( P ){n,)“(ng)*ﬁ - ()
dida,.ndpzt \dy — 1,dy, —1,...,d, — 1
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The corollary follows, since n =ny +n, + -+« + n,.

CorOLLARY 5 (Cayley [2]). The number of graphs with vertices
Xis Xps .05 Xy, consisting of p disjoint trees, and with x;, x5, ..., X,
belonging to p different trees, is

1

T'(n;p)=pn"~ """,

Proor: Make a list % of the trees with vertices xy, X, X5, ...y X,
such that d(x,) = p: by Corollary 3,

n— 1
61 = n" P
p— 1

IfPc{l,2,...,n}and [P| = p, let €, be the list of trees belonging
to ¥ such that, for all i € P, x; is joined to x. Then

%] =;lﬁp| = ; T'(n; p).

Hence,
n—1 1
( )u"‘"=( )T‘(n;p).
p—1 p
Therefore,
. (n— 1)! plin—p! o
T'(n; p)= - PR = pp" TP, E.D.
(P = i = ! nt ph Q

Let X = {x, X5, ..., X, be aset of vertices, and let U = {u;, 1, ...,
u,} be a set of edges joining pairs of vertices in X Let us now try to find
the number T(X, U) of trees, with vertices x;, x,, ..., X,, none of the
edges of which belong to U. Using the theory of determinants, there
exists a gencral formula (see Berge [22, Chapter 16]). However, for the
particular cases that we wish to consider here, it does not prove very
useful. Let (X, V) be a graph with »n vertices, ¢ edges and p connected
components with, respectively, ny, n,, ..., n, vertices.

Write

) 0 if the graph (X, V) contains a cycle,
vl) =
Mty e Ny otherwise.
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Tueorem 3 (Temperley [19]). The number of trees with vertices x,,

X5, ..., X, and no edge belonging to U is
— 1y IV
T(X,Uy=n""? 3% inJ(_) '
Vel H

Proor: If ve U, let A, be the set of trees which contain v. Suppose
Vo U If (X, V)is acyclic and has p connected components, then, by
Corollary 4, the number of trees that contain all the edges of V is

N 4,

velV

= (VP2 = (V)" IV1-2,

If (X, V) contains a cycle, then this equality is still valid, since both sides
vanish, Therefore, by Sylvester’s formula (Chapter 3, Section 3),

— 1\ IV
T(X,U)=n""?4+ 5 (=DVhy(p"= 2~ W= pr=2 % v{V}(T]) .
Vol Vol
V&G

CoroLLARY | (Weinberg [21]). If U is a set of q pairwise disjoint
edges,

2\ 4
T(X,U) = ﬂ”“z(l - —) .

n

Proor: In this case, when V< U,
wWV) = 2"

q q —1\k pAY
T(X,U)y=n""? Z 2“( )(-—) = n”‘z(l — —) :
k=0 k M n

CoroOLLARY 2 (O’Neil [12]). If U consists of g edges having a com-
mon end vertex x,,

(X, U)= n"_z(l - 1Tﬁl(l _at 1).

n, n

and

Proor:

Sl gl
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Il I
r— F
- ||[\-"]4::
=
=
b SN
S .“_,-——-,_\_‘
| m‘|
—
- = x -
r—— =
- i
| .
| o
| =
[ | —
=|i
wy
I‘-\""'-—-"""I'-
.
=
| |
— [t
I.h'"‘-———""'-"I
o
=]
“""‘-—-""'-'l
-
|

CoRrROLLARY 3 (Austin). If U is the set of edges joining all the possible
pairs of distinct vertices in S < X (|S| =s) [i.e., (S, U) is a ** complete
graph’’}], then

5=1
T(X. U) = n"_z(l _ -5-] |

n

Proor: Let ¥7, be the family of V' < U, such that (S, V) is acyclic
with p connected components, then

=) -3 (=) ()

Assume Pc S, |P|=p and Ve¥,, and suppose there exists an
acyclic graph with vertex set S, edge set equal to V, and a vertex of P
in each connected component of (S, V), then we denote this graph by
(S, V, P). By Corollary 5 of Theorem 2

{(S, V, P)[Ve¥ ,and (S, V, P)exists}| = ps* P~ .

Therefore,

VZ (V) FZ (S, V. P)/P = §, |P| = p,
£V p e¥p
and (S, V, P) exists}|
(S, V., P)IP<S,[Pl=p, VeV,

and (S, V, P) exists}|

3
ps.w-p-l — ( )pss-—p—l.
Pcs
[P P

1
1
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Therefore,

ol £ G

(D)

COROLLARY 4 (Scoins [17]; Glickman [4]). If the graph (X, U) is
the union of two disjoint complete graphs (S, V) and (T, W) with |S| = s
and |T| = t, then

T(X, U)y=s"1¢""1

Proo¥F: From Theorem 3,
X, vuW) T, V) TX, W)

”n—Z ”n—}: ”n—l

Therefore, by Corollary 3 of Theorem 3,

s g £=1/7 { £e=1
T(X, U) = n’ (1—- (1——

H H

=(,*i + ;)-‘-"*'I-'E S+ 1 — 5~)_~;—1('5 - I)I-l — j;l'-lf-‘i—l_
s+ 1 S+ _

COROLLARY 5 (Moon [9, 10]). Let U be a set of m — 1 edges forming
an open chain on a set Y = X of m vertices, then

T(X,U)=n""" i (m e 1) (*—I)m-”.

p=1 m—p L

Proor: If V¥ < U determines a graph (Y, V) with p connected com-
ponents,

Vi=1Yl—p=m-—p.

If my, m,,...,m, are the numbers of vertices of these components,
respectively, my + m, + -+ + m, = m.
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Therefore, for |V| =m —p, there are as many graphs (Y, V) as

there are integer solutions my, m,, ..., m, > 0 of this equation; hence,
—1 |V mo S 1\m—Pp
R A s IR
Vel n p=1 n |V]|=m-—p
Vel

rl _1 m—p
=Y (—— Y MMyt .
p=1 n my,my,...>0

Rl [ e e R & Hp=m

This last summation is equal to the coeflicient of x™ in the expansion
of

(x4 2x2 +3x° + - )P = xP(1 — x)" 7.
By the binomial formula this coefficient is equal to
—2p(=2p = 1)(=2p—2)---(=2p —(m — p— 1))
(m — p)!
_(m4+p—1)(m+p-—2)--2p+1)2p
- (m — p)!

m+p—1
- m—p -

The corollary follows.

(=1
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