
Worksheet Complexity

Mike Fraser, Alex Stanhope

Week 8

In this worksheet you will be faced with problems to do with list and matrix algo-
rithms, and answer questions regarding the complexity of the operations. Do not use a
calculator anywhere.

1. There s an algorithm in speech recognition defined as follows:

α1( j) = π j bj(Oj) for j = 1; : : : ;N: (1)

αt( j) =

 
N

∑
i=1

αt�1(i)ai j

!
bj(Ot) for j = 1; : : : ;N; t = 2; : : : ;T (2)

P(OjH) =
N

∑
j
=

1

αT( j): (3)

P(OjH) is the probability that a set of observationsO (ie spoken sounds) for a
word can be produced by a given modelH for a word. You don’t need to know
what all the notation means to be able to work out the complexity of this algo-
rithm. All you need to know is thatai j andbi(Oj) are matrices andπ j is a vector.
(They are in fact probabilities associated with Markov Models and observation
of sounds). The question is to determine the complexity of this algorithm in
terms of the number of multiplications required.

Answer:

eq 1:N multiplications.
eq 2:N multiplications in the square brackets and then 1 further multiplication.
This is performed forj = 1; : : : ;N and t = 2; : : : ;T. So the total number of
multiplications is(N+1)NT
eq 3: No multiplicationsq 1:N multiplications.

2. Below is an algorithm that finds an element in a list.

List *findelement( char *s, List *x ) {
if( x == NULL ) {

return NULL ;
}
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if( strcmp( x->contents, s ) == 0 ) {
return x ;

}
return findelement( s, x->next ) ;

}

(a) Given that the list has a length ofn elements, what is the complexity of the
algorithm?

Answer:
This function performs 1 comparison, and thenn�1 comparisons to look
into the tail, if we haven’t found it. So if the leementh we look for is in
the beginning we will just have 1 comparison, at the end we will needn
comparisons, on averagen=2 comparisons, hence the algorithm is O(n)

(b) If the average length of a string ism elements, then what is the complexity
expressed in bothn andm?

Answer:
Each string comparison will takem steps, combined with the previous ar-
gument this results inO(mn)

(c) Suppose we add a line

if( strcmp( x->contents, s ) < 0 ) {
return NULL ;

}

before the final return statement, and we assume that the list is sorted, what
is the complexity of this new function, expressed in justn?

Answer:
This reduces the search time by stopping when we have found that we have
gone past it. It still means that we needO(n) comparisons though...

(d) Express the complexity in bothmandn?

Answer:
O(mn)

(e) Has any of theconstantfactors changed for (c) and (d) ?

Answer:
Well, yes and no. You do two string comparisons, so algorithm (c) will be
twice as slow, but on average we will only search half the list, so it will be
twice as fast. The net outcome is that nothing has changed!

3. Below is an algorithm that multiplies a matrix of sizeN�M with a matrix of
sizeM�K (resulting in aN�K matrix).

void multiply_matrix( double A[N][M], double B[M][K], double C[N][K] ) {
int i, j, k ;
for( i=0 ; i<N ; i++ ) {
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for( k=0 ; k<K ; k++ ) {
double s = 0 ;
for( j=0 ; j<M ; j++ ) {

s = s + A[i][j] * B[j][k] ;
}
C[i][k] = s ;

}
}

}

(a) What would you use to describe the size of the input (and hence to express
the complexity in)?
Answer:
The size of the input is related to the number of elements in the matrices.
You can either count them, or, much easier, take the number of rows and
columns:K;N;M.

(b) Derive the complexity of the matrix multiplication algorithm, if you count
the multiplication operations?
Answer:
There is only one multiplication in the algorithm, in the innermost for-loop.
This will be executedN�K�M times, hence the complexity isO(KNM)

(c) Derive the complexity of the matrix multiplication algorithm, if you count
the addition operations?
Answer:
There are quite a few addition operations. One in the core (where two real
numbers are added), and 1 in each for loop (the++), and you could also
count the< in the for loop; in order to compute whetherj < M holds,
we have to subtract j from M, and check whether that is less than zero or
not. The number of additions isN (outermost for loop),N�K (k -for-loop,
N�K�M (innermost for-loop), andN�K�M (the addition tos ), so the
total number of additions isN+NK+2NKM. The most significant term is
2NKM, after taking the constant out we end up withO(KNM). Note that
there is no operation which is done more often thanO(KNM), hence the
algorithm isO(KNM).

(d) What is the complexity of the matrix multiplication algorithm, ifK, N, and
M are all equal to a numbern?
Answer:
O(n3)

(e) Think of an algorithm to add a matrix of sizeN�M to another matrix of
sizeN�M. What is its complexity?
Answer:
O(NM)

4. Consider the following program
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typedef struct L {
struct L *bob ;
char element ;

} List ;

List *i( char z, List *tail ) {
List *new = calloc( 1, sizeof( List ) ) ;
new -> element = z ;
new -> bob = tail ;
return new ;

}

List *makelist() {
return i( ’h’, i( ’e’, i(’l’, i(’l’, i(’o’, NULL))))) ;

}

void reprint( List *x ) {
while( x != NULL ) {

printf( "%c", x->element ) ;
x = x->bob ;

}
}

void preprint( List *x ) {
if( x != NULL ) {

printf( "%c", x->element ) ;
preprint( x->bob ) ;

}
}

void postprint( List *x ) {
if( x != NULL ) {

postprint( x->bob ) ;
printf( "%c", x->element ) ;

}
}

void inprint( List *x ) {
if( x != NULL ) {

inprint( x->bob ) ;
printf( "%c", x->element ) ;
inprint( x->bob ) ;

}
}

main() {
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List *y = makelist() ;
reprint( y ) ;
preprint( y ) ;
postprint( y ) ;
inprint( y ) ;

}

(a) Draw the memory contents just before reprint is called. Assume that a List
occupies two memory cells, the first one stores the pointer, the second one
stores the character. Assume that calloc returns, when called, 12, 15, 27,
21, 18. Assume thaty is stored in address 1.

(b) What does the function reprint print? Assumex is stored in address 2.
Draw the memory contents when going around the loop.

Answer:
Hello

(c) What does the function preprint print? Assume thatx is stored on a stack,
on positions 2, 3, 4, 5, ... Draw the memory contents at all stages.

Answer:
Hello

(d) What does the function postprint print?

Answer:
olleH

(e) What does the function inprint print?

Answer:
olololoeolololoHolololoeolololo ! It may be easier to understand this if you
replace the input with ’A’ ’B’ ’C’ ’D’, and spot the pattern...
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